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ABSTRACT
Three-nucleon (3N) forces are an indispensable ingredient for accurate few-body and many-
body nuclear structure and reaction theory calculations. While the direct implementation of chiral
3N forces can be technically very challenging, a simpler approach is given by employing instead
a medium-dependent NN interaction Vmed that reflects the physics of three-body forces at the
two-body normal-ordered approximation. We review the derivation and construction of Vmed
from the chiral 3N interaction at next-to-next-to-leading order (N2LO), consisting of a long-range
2pi-exchange term, a mid-range 1pi-exchange component and a short-range contact-term. Several
applications of Vmed to the equation of state of cold nuclear and neutron matter, the nucleon
single-particle potential in nuclear matter, and the nuclear quasiparticle interaction are discussed.
We also explore differences in using local vs. nonlocal regulating functions on 3N forces and
make direct comparisons to exact results at low order in perturbation theory expansions for the
equation of state and single-particle potential. We end with a discussion and numerical calculation
of the in-medium NN potential Vmed from the next-to-next-to-next-to-leading order (N3LO) chiral
3N force, which consists of a series of long-range and short-range terms.
Keywords: Chiral effective field theory, three-body forces, nuclear matter, equation of state, nuclear reaction theory
1 INTRODUCTION
Three-nucleon forces are essential to any microscopic description of nuclear many-body systems, from
the structure and reactions of finite nuclei [1, 2, 3, 4] to the equation of state and transport properties of
dense matter encountered in core-collapse supernovae and neutron stars [2, 5, 6, 7, 8, 9, 10, 11, 12, 13].
In recent years, much progress has been achieved within the framework of chiral effective field theory
[14, 15, 16, 17, 18] to construct three-body forces consistent with the employed two-body force, all within
a systematic power series expansion involving the ratio of the physical scale Q to the chiral symmetry
breaking scale Λχ ∼ 1 GeV. In chiral effective field theory with explicit nucleon and pion degrees of
freedom only, three-nucleon forces appear first at third order in the chiral expansion (Q/Λχ)3, or next-to-
next-to-leading (N2LO) order. These leading contributions to the chiral three-nucleon force (3NF) are now
routinely employed in nuclear structure and reaction theory calculations, but many-body contributions at
N3LO [19, 20, 21, 22] are expected to be important.
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Figure 1. Diagrammatic contributions to the chiral three-nucleon force at next-to-next-to-leading order
(N2LO) in the chiral expansion.
In the present work, we will review how to implement three-nucleon forces via medium-dependent
two-body interactions in nuclear many-body calculations of the equation of state, single-particle potential,
and quasiparticle interaction. We will show that this approach provides an excellent approximation at first
order in many-body perturbation theory by comparing to exact results from three-body forces. At higher
orders in perturbation theory, the use of medium-dependent NN interactions fail to reproduce all topologies,
however, residual three-body interactions have been shown [23] to give relatively small contributions
(∼ 1 MeV) to the nuclear equation of state at saturation density up to second order in perturbation theory.
We also consider several commonly used high-momentum regulating functions for three-body forces and
study their impact on the density-dependent interaction Vmed. In particular, we find that local regulators
introduce large artifacts compared to nonlocal regulators when the same value of the cutoff scale Λ is used
in both cases.
2 FROM THREE-BODY FORCES TO MEDIUM-DEPENDENT TWO-BODY FORCES
2.1 Chiral three-body force at next-to-next-to-leading order
The nuclear Hamiltonian can generically be written in the form
H =
∑
i
~p 2i
2M
+
1
2
∑
ij
Vij +
1
6
∑
ijk
Vijk + · · · , (1)
where ~pi is the momentum of nucleon i, Vij represents the two-body interaction between particles i and
j, and Vijk represents the three-body interaction between particles i, j, k. Three-body forces emerge first
at N2LO in the chiral expansion and contain three different topologies represented diagrammatically in
Fig. 1. The two-pion-exchange three-body force, Fig. 1(a), contains terms proportional to the low-energy
constants c1, c3, and c4:
V
(2pi)
3N =
∑
i6=j 6=k
g2A
8f4pi
~σi · ~qi ~σj · ~qj
(~qi
2 +m2pi)(~qj
2 +m2pi)
Fαβijkτ
α
i τ
β
j , (2)
where gA = 1.29 is the axial coupling constant, mpi = 138 MeV is the average pion mass, fpi = 92.2 MeV
is the pion decay constant, ~qi = ~k′i − ~ki is the change in momentum of nucleon i (i.e., the momentum
transfer), and the isospin tensor Fαβijk is defined by
Fαβijk = δ
αβ
(−4c1m2pi + 2c3 ~qi · ~qj)+ c4 αβγτγk ~σk · (~qi × ~qj) . (3)
2
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The three low-energy constants c1, c3, and c4 can be fitted to empirical pion-nucleon [24, 25] or nucleon-
nucleon [26, 27] scattering data.
The one-pion exchange term, Fig. 1(b), proportional to the low-energy constant cD has the form
V
(1pi)
3N = −
∑
i 6=j 6=k
gAcD
8f4pi Λχ
~σj · ~qj
~qj
2 +m2pi
~σi · ~qj ~τi · ~τj , (4)
where the high-momentum scale is typically taken as Λχ = 700 MeV. The three-nucleon contact force, Fig.
1(c), proportional to cE is written:
V
(ct)
3N =
∑
i 6=j 6=k
cE
2f4pi Λχ
~τi · ~τj . (5)
There are several different experimental observables commonly used for fitting the low-energy constants
cD and cE . Most approaches fit the binding energies of A = 3 nuclei together with one of the following
observables: (a) the neutron-deuteron doublet scattering length [28, 29], (b) the radius of 4He [30], (d) the
properties of light and medium-mass nuclei [31, 32], and (d) the triton lifetime [33, 34].
Since the three-nucleon force V3N is symmetric under the interchange of particle labels, there are only
three independent terms from the i, j, k permutations, which allows us to write V3N = W1 + W2 + W3.
For instance, W (ct)1 =
cE
f4pi Λ
~τ2 · ~τ3. The antisymmetrized three-body interaction V¯3N can be written in terms
of two-body antisymmetrization operators Pij as follows:
V¯3N = (1− P12)(1− P13 − P23)V3N , (6)
where
Pij =
(
1 + ~σi · ~σj
2
)(
1 + ~τi · ~τj
2
)
, ~ki ←→ ~kj . (7)
2.2 Density-dependent NN interaction at order N2LO
A medium-dependent two-body interaction can be constructed by summing the third particle over the
filled states in the noninteracting Fermi sea, involving spin and isospin summations as well as momentum
integration:
V¯med =
∑
s3t3
∫
d3k3
(2pi)3
θ(kf − k3)(1− P13 − P23)V3N , (8)
where kf is the Fermi momentum and we have absorbed the particle exchange operator (1 − P12) into
the definition of the antisymmetrized medium-dependent NN interaction V¯med. In general, there are nine
different diagrams that need to be evaluated independently: (1 − P13 − P23)(W1 + W2 + W3), which
correspond to different closings of one incoming and outgoing particle line.
As a simple example, we compute the density-dependent NN interaction arising from the three-body
contact term at N2LO shown diagrammatically in Fig. 2 (f ). We begin by evaluating the spin and isospin
3
Holt et al. Implementing chiral three-body forces
(a) (b) (c) (d) (e) (f)
Figure 2. Diagrammatic contributions to the density-dependent NN interaction derived from the N2LO
chiral three-nucleon force.
traces in Eq. (8):
Trσ3τ3(1− P13 − P23)(~τ2 · ~τ3 + ~τ1 · ~τ3 + ~τ1 · ~τ2) (9)
= Trσ3τ3(~τ2 · ~τ3 + ~τ1 · ~τ3 + ~τ1 · ~τ2)− Trσ3τ3
(
1 + ~σ1 · ~σ3
2
1 + ~τ1 · ~τ3
2
)
(~τ2 · ~τ3 + ~τ1 · ~τ3 + ~τ1 · ~τ2)
− Trσ3τ3
(
1 + ~σ2 · ~σ3
2
1 + ~τ2 · ~τ3
2
)
(~τ2 · ~τ3 + ~τ1 · ~τ3 + ~τ1 · ~τ2)
= 4~τ1 · ~τ2 − 1
4
Trσ3τ3(~τ1 · ~τ2 + (~τ1 · ~τ3)(~τ2 · ~τ3) + (~τ1 · ~τ3)(~τ1 · ~τ3))
− 1
4
Trσ3τ3(~τ1 · ~τ2 + (~τ2 · ~τ3)(~τ2 · ~τ3) + (~τ2 · ~τ3)(~τ1 · ~τ3))
= 2~τ1 · ~τ2 − 1
2
(4~τ1 · ~τ2 + 12) = −6,
where we have used the well known properties of Pauli matrices: Tr~σ = 0, Tr 1 = 2, Tr3(~τi ·~τ3)(~τj ·~τ3) =
2~τi · ~τj , and ~τi · ~τi = 3. The integration over filled momentum states is trivial:∫
d3k3
(2pi)3
θ(kf − k3) cE
f4piΛχ
=
1
2pi2
k3f
3
cE
f4piΛχ
, (10)
which gives a final result of
V
(ct)
med = −
cEk
3
f
pi2f4piΛχ
. (11)
This particularly simple three-body contact interaction gives rise to a momentum-independent effective two-
body interaction. For the more complicated 1pi- and 2pi-exchange topologies, it is convenient to consider
on-shell scattering of two nucleons in the center-of-mass frame: N1(~p ) +N2(−~p )→ N1(~p ′) +N2(−~p ′),
where |~p | = |~p ′|. This assumption results in a medium-dependent 2N interaction with the same isospin
and spin structures as the free-space 2N potential, which allows for a simple decomposition of Vmed
into partial-wave matrix elements as we show in Section 4.1. Off-shell matrix elements with |~p | 6= |~p ′|
are needed when including the effect of virtual excitations, and in that case we use the approximation
p2 → 12(p2 + p′ 2) in the formulas derived below. The resulting interaction can then be straightfowardly
implemented into modern nuclear structure codes.
Note that in the above derivation of the density-dependent NN interaction associated with V (ct)3N , we
have not applied a high-momentum regulator involving the momentum k3 of the third particle. In previous
works [35, 36] we have imposed a (nonlocal) regulating function on Vmed involving only the incoming and
4
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outgoing relative momenta of particles 1 and 2:
f(p′, p) = exp
[−(p′/Λ)2n − (p/Λ)2n], (12)
where ~p = 12(~p1− ~p2) and ~p ′ = 12(~p ′1− ~p ′2) for the general two-body scattering process N(~p1) +N(~p2)→
N(~p ′1) +N(~p ′2), and where both Λ and n are chosen to be consistent with the regulator used in the bare
nucleon-nucleon interaction. This choice of regulating function led to simplified analytical expressions for
the density-dependent NN interaction in cold nuclear matter. Many works have employed instead a local
three-nucleon force regulator [37] of the form
W3 −→ W3F (q1, q2) = W3 exp
[−(q1/Λ)4 − (q2/Λ)4], (13)
where ~q1 = ~p ′1 − ~p1 and ~q2 = ~p ′2 − ~p2 are the momentum transfers for particles 1 and 2 in W3. Analogous
expressions hold for the contributions W1 −→ W1F (q2, q3) and W2 −→ W2F (q1, q3). This choice of
regulating function leads to more complicated expressions for the density-dependent NN interaction as we
show below. More importantly, the local regulator in Eq. (13) leads to much stronger cutoff artifacts for the
same choice of scale (Λloc = Λnonloc) as we will demonstrate in the following.
To start, when we employ the local regulator in Eq. (13), we now find for the density-dependent NN
interaction in isospin-symmetric nuclear matter:
V
(ct)
med =
cE
2pi2f4piΛχ
[
4
3
k3f ~τ1 · ~τ2F 2(q2,Λ)− 2~τ1 · ~τ2F (q2,Λ)Γ˜4(p)− 3Γ′4(p, q)
]
, (14)
where
F (q2,Λ) = e−q
4/Λ4 , (15)
Γ˜4(p) =
∫ kf
0
dk
∫ 1
−1
dx k2 F (p2 + k2 + 2pkx,Λ), (16)
Γ′4(p, q) =
∫ kf
0
dk
∫ 1
−1
dx
∫ 2pi
0
dφ
k2
2pi
F (p2 + k2 + kx
√
4p2 − q2 + qk
√
1− x2 cosφ,Λ)
×F (p2 + k2 + kx
√
4p2 − q2 − qk
√
1− x2 cosφ,Λ). (17)
In the limit of large Λ we find that F (q2,Λ) → 1, Γ˜4(p) → 2k
3
f
3 , and Γ
′
4(p, q) →
2k3f
3 . Thus, in this limit
we clearly recover Eq. (11).
Previously, for the in-medium pion self-energy correction, Fig. 2(a), with no regulator we found
V med,1NN =
g2Ak
3
f
3pi2f4pi
~τ1 · ~τ2 ~σ1 · ~q ~σ2 · ~q
(m2pi + q
2)2
(
2c1m
2
pi + c3q
2
)
. (18)
With the local regulator in Eq. (13) we now find
V med,1NN =
g2Ak
3
f
3pi2f4pi
~τ1 · ~τ2 ~σ1 · ~q ~σ2 · ~q
(m2pi + q
2)2
(
2c1m
2
pi + c3q
2
)
F 2(q2,Λ). (19)
5
Holt et al. Implementing chiral three-body forces
Previously, for the Pauli-blocked vertex correction, Fig. 2(b), we found
V med,2NN =
g2A
8pi2f4pi
~τ1 · ~τ2~σ1 · ~q ~σ2 · ~q
m2pi + q
2
(
− 4c1m2pi[Γ0 + Γ1]− (c3 + c4)[q2(Γ0 + 2Γ1 + Γ3) + 4Γ2]
+4c4
[2
3
k3f −m2piΓ0
])
. (20)
When the local regulators are employed, we now find that the p-dependent auxiliary functions Γi must be
replaced by
Γ˜0(p) =
∫ kf
0
dk
∫ 1
−1
dx
k2
m2pi + p
2 + k2 + 2pkx
F (p2 + k2 + 2pkx,Λ), (21)
Γ˜1(p) =
∫ kf
0
dk
∫ 1
−1
dx
k3 x/p
m2pi + p
2 + k2 + 2pkx
F (p2 + k2 + 2pkx,Λ), (22)
Γ˜2(p) =
∫ kf
0
dk
∫ 1
−1
dx
k4(1− x2)/2
m2pi + p
2 + k2 + 2pkx
F (p2 + k2 + 2pkx,Λ), (23)
Γ˜3(p) =
∫ kf
0
dk
∫ 1
−1
dx
k4(3x2 − 1)/(2p2)
m2pi + p
2 + k2 + 2pkx
F (p2 + k2 + 2pkx,Λ). (24)
where the unprimed versions of these functions in Eq. (20) can be obtained by setting Λ→∞. In addition,
the term 4c4
[
2k3f
3
]
in V med,2NN must be replaced with the quantity
4c4
[
2k3f
3
]
−→ 4c4
∫ kf
0
dk
∫ 1
−1
dx k2 F (p2 + k2 + 2pkx,Λ) ≡ 4c4Γ˜4(p). (25)
Then the revised Pauli-blocked vertex correction has the form
V med,2NN =
g2A
8pi2f4pi
~τ1 · ~τ2~σ1 · ~q ~σ2 · ~q
m2pi + q
2
(
−4c1m2pi[Γ˜0 + Γ˜1]− (c3 + c4)[q2(Γ˜0 + 2Γ˜1 + Γ˜3) + 4Γ˜2]
+4c4
[
Γ˜4 −m2piΓ˜0
])
F (q2,Λ). (26)
Previously, we found for the Pauli-blocked two-pion-exchange interaction, Fig. 2(c),
V med,3NN =
g2A
16pi2f4pi
{−12c1m2pi
[
2Γ0 − (2m2pi + q2)G0
]− c3[8k3f − 12(2m2pi + q2)Γ0 − 6q2Γ1
+3(2m2pi + q
2)2G0] + 4c4~τ1 · ~τ2(~σ1 · ~σ2q2 − ~σ1 · ~q ~σ2 · ~q)G2 − (3c3 + c4~τ1 · ~τ2)i(~σ1 + ~σ2) · (~q × ~p)
×[2Γ0 + 2Γ1 − (2m2pi + q2)(G0 + 2G1)]− 12c1m2pii(~σ1 + ~σ2) · (~q × ~p)[G0 + 2G1]
+4c4~τ1 · ~τ2~σ1 · (~q × ~p)~σ2 · (~q × ~p)[G0 + 4G1 + 4G3]}. (27)
6
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When substituting in the local regulator functions we obtain
V med,3NN =
g2A
16pi2f4pi
{−12c1m2pi
[
2Γ′0 − (2m2pi + q2)G′0
]− c3[12 Γ′4 − 12(2m2pi + q2)Γ′0 − 6q2Γ′1
+3(2m2pi + q
2)2G′0] + 4c4~τ1 · ~τ2(~σ1 · ~σ2q2 − ~σ1 · ~q ~σ2 · ~q)G′2 − (3c3 + c4~τ1 · ~τ2)i(~σ1 + ~σ2) · (~q × ~p)
[2Γ′0 + 2Γ
′
1 − (2m2pi + q2)(G′0 + 2G′1)]− 12c1m2pii(~σ1 + ~σ2) · (~q × ~p)[G′0 + 2G′1]
+4c4~τ1 · ~τ2~σ1 · (~q × ~p)~σ2 · (~q × ~p)[G′0 + 4G′1 + 4G′3]}. (28)
In the above expressions we encounter the p- and q-dependent functions
G′0,∗,∗∗(p, q) =
∫ kf
0
dk
∫ 1
−1
dx
∫ 2pi
0
dφ
{k2, k4, k6}/(2pi)
A2 −B2 cos2 φ F (p
2 + k2 + kx
√
4p2 − q2
+qk
√
1− x2 cosφ,Λ)F (p2 + k2 + kx
√
4p2 − q2 − qk
√
1− x2 cosφ,Λ), (29)
where A = m2pi +p
2 +k2 +kx
√
4p2 − q2 and B = qk√1− x2. In Eq. (27), the functions G0,∗,∗∗(p, q) are
obtained from Eq. (29) by substituting Λ→∞. In addition we encounter the following p- and q-dependent
functions
G′1(p, q) =
Γ′0 − (m2pi + p2)G′0 −G′∗
4p2 − q2 , (30)
G′1∗(p, q) =
3Γ′2 + p2Γ′3 − (m2pi + p2)G′∗ −G′∗∗
4p2 − q2 , (31)
G′2(p, q) = (m
2
pi + p
2)G′1 +G
′
∗ +G
′
1∗, (32)
G′3(p, q) =
1
2Γ
′
1 − 2(m2pi + p2)G′1 − 2G′1∗ −G′∗
4p2 − q2 , (33)
where
Γ′0(p, q) =
∫ kf
0
dk
∫ 1
−1
dx
∫ 2pi
0
dφ
k2/(2pi)
m2pi + p
2 + k2 + kx
√
4p2 − q2 + qk√1− x2 cosφ
×F (p2 + k2 + kx
√
4p2 − q2 + qk
√
1− x2 cosφ,Λ)
×F (p2 + k2 + kx
√
4p2 − q2 − qk
√
1− x2 cosφ,Λ), (34)
Γ′1(p, q) =
∫ kf
0
dk
∫ 1
−1
dx
∫ 2pi
0
dφ
k3[x
√
4p2 − q2 + q√1− x2 cosφ]/(4pip2)
m2pi + p
2 + k2 + kx
√
4p2 − q2 + qk√1− x2 cosφ
×F (p2 + k2 + kx
√
4p2 − q2 + qk
√
1− x2 cosφ,Λ)
×F (p2 + k2 + kx
√
4p2 − q2 − qk
√
1− x2 cosφ,Λ), (35)
7
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Γ′2(p, q) =
∫ kf
0
dk
∫ 1
−1
dx
∫ 2pi
0
dφ
k4
[
4p2 −
(
x
√
4p2 − q2 + q√1− x2 cosφ
)2]
/(16pip2)
m2pi + p
2 + k2 + kx
√
4p2 − q2 + qk√1− x2 cosφ
×F (p2 + k2 + kx
√
4p2 − q2 + qk
√
1− x2 cosφ,Λ)
×F (p2 + k2 + kx
√
4p2 − q2 − qk
√
1− x2 cosφ,Λ), (36)
Γ′3(p, q) =
∫ kf
0
dk
∫ 1
−1
dx
∫ 2pi
0
dφ
k4
[
3
(
x
√
4p2 − q2 + q√1− x2 cosφ
)2
− 4p2
]
/(16pip4)
m2pi + p
2 + k2 + kx
√
4p2 − q2 + qk√1− x2 cosφ
×F (p2 + k2 + kx
√
4p2 − q2 + qk
√
1− x2 cosφ,Λ)
×F (p2 + k2 + kx
√
4p2 − q2 − qk
√
1− x2 cosφ,Λ), (37)
Additionally, we have replaced the quantity 8k3f with 12Γ
′
4 defined in Eq. (17). The unprimed versions
of these functions can be obtained by again setting Λ → ∞. For the cD vertex correction to one-pion
exchange, Fig. 2(d), we previously had
V med,4NN = −
gAcDk
3
f
12pi2f4piΛχ
~σ1 · ~q ~σ2 · ~q
m2pi + q
2
~τ1 · ~τ2. (38)
Including the local regulators we find
V med,4NN = −
gAcD
8pi2f4piΛχ
~σ1 · ~q ~σ2 · ~q
m2pi + q
2
~τ1 · ~τ2
(
4
3
k3fF (q
2,Λ)− Γ′4
)
. (39)
For the cD vertex correction to the 2N contact term, Fig. 2(e), we previously had
V med,5NN =
gAcD
16pi2f4piΛχ
{
~τ1 · ~τ2
[
2~σ1 · ~σ2Γ2 +
(
~σ1 · ~σ2
(
2p2 − q
2
2
)
+ ~σ1 · ~q ~σ2 · ~q
(
1− 2p
2
q2
)
− 2
q2
~σ1 · (~q × ~p)~σ2 · (~q × ~p)
)
(Γ0 + 2Γ1 + Γ3)
]
+ 4k3f − 6m2piΓ0
}
. (40)
Including the local regulators we obtain
V med,5NN =
gAcD
16pi2f4piΛχ
{
~τ1 · ~τ2
[
2~σ1 · ~σ2Γ˜2 +
(
~σ1 · ~σ2
(
2p2 − q
2
2
)
+ ~σ1 · ~q ~σ2 · ~q
(
1− 2p
2
q2
)
− 2
q2
~σ1 · (~q × ~p)~σ2 · (~q × ~p)
)
(Γ˜0 + 2Γ˜1 + Γ˜3)
]
+ 6Γ˜4 − 6m2piΓ˜0
}
F (q2,Λ). (41)
We reiterate that the above expressions are obtained in the center-of-mass frame assuming on-shell scattering
conditions.
8
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3 APPLICATIONS OF DENSITY-DEPENDENT 2N INTERACTIONS TO NUCLEAR
MANY-BODY SYSTEMS
3.1 Equation of state of cold nuclear matter
The equation of state of nuclear matter gives important insights into many properties of finite nuclei,
including the volume and symmetry energy contributions to the binding energy in the semi-empirical mass
formula, the saturated central density of medium-mass and heavy nuclei, as well as nuclear collective
excitation modes and giant resonances. The equation of state is also essential for modeling neutron stars
[38, 39, 40, 41, 42, 43, 44, 45, 46], including their birth in core-collapse supernovae, their radii as a function
of mass, their tidal deformabilities in the presence of compact binary companions, and their moments
of inertia. For relatively soft equations of state, the central densities of typical neutron stars with mass
M ' 1.4M reach n ' 3n0 [47], where n0 = 0.16 fm−3 is the nucleon number density in the saturated
interior of heavy nuclei. At such densities, three-body forces give a large contribution to the pressure and
are therefore critical for understanding neutron star structure.
The first-order perturbative contribution (Hartree-Fock approximation) to the ground state energy of
isospin-symmetric nuclear matter is given by
E
(1)
2N =
1
2
∑
12
〈12|V¯2N |12〉n1n2, (42)
for the antisymmetrized two-body force V¯2N and
E
(1)
3N =
1
6
∑
123
〈123|V¯3N |123〉n1n2n3, (43)
for the antisymmetrized three-body force V¯3N . In the above equations, ni = θ(kf − |~ki|) is the zero-
temperature Fermi-Dirac distribution function with Fermi momentum kf , and the sum is taken over the
momentum, spin, and isospin of the occupied states in the Fermi sea.
In Fig. 3 we show the density-dependence of the Hartree-Fock contribution to the ground state energy of
isospin-symmetric nuclear matter from the N2LO chiral three-nucleon force in different approximations.
As a representative example, we consider the low-energy constants c1 = −0.81 GeV−1, c3 = −3.4 GeV−1,
c4 = 3.4 GeV−1, cD = −0.24, and cE = −0.106 obtained in Ref. [48] and associated with the N3LO
NN chiral interaction with cutoff scale Λ = 450 MeV. We see that in all cases the first-order perturbative
contribution from three-body forces in isospin-symmetric matter is strongly repulsive. The exact treatment
of the Hartree-Fock contribution to the ground state energy arising from the N2LO three-nucleon force
is shown in Fig. 3 as the thick black line labeled “V3N, exact”. Employing instead the density-dependent
NN interaction Vmed with Λ→∞ we obtain the contribution shown with the thin blue line and labeled
“V Λ→∞med ”. Note that in order to avoid triple-counting when the density-dependent NN interaction Vmed is
used in Eq. (42), we must replace V¯2N → 13 V¯med. From Fig. 3 we observe that at the Hartree-Fock level the
density-dependent NN interaction accurately reflects the physics encoded in the full three-body force. This
is not a trivial observation since several approximations were employed to derive the density-dependent
NN interaction from V3N . In Fig. 3 we see that the largest deviation in the two curves is only 1 MeV (or
' 3%) at n = 0.32 fm−3.
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Figure 3. Hartree-Fock contribution to the ground-state energy of isospin-symmetric nuclear matter as a
function of density due to the N2LO chiral three-nucleon force with cutoff scale Λ = 450 MeV.
Imposing the nonlocal regulator in Eq. (12) leads to the red dot-dashed line labeled “V Λmed,nonloc”. As
expected, the presence of the momentum-space cutoff reduces the Hartree-Fock contribution to the ground-
state energy, particularly at high densities. However, the cutoff artifacts introduced are rather small and
amount to only 0.8 MeV (or ' 2%) relative to the result from V Λ→∞med at n = 0.32 fm−3. We note that
since the Hartree-Fock contribution to the ground state energy E/A is always finite and probes only the
characteristic physical energy scale of the system, the differences between V Λ→∞med and Vmed, nonloc are true
regulator artifacts. We next impose the local regulator in Eq. (13), which is shown as the dotted green
line in Fig. 3 and labeled “V Λmed, loc”. For this choice of regulator we find severe cutoff artifacts, even at
low densities where one would expect the role of the regulating function to be minimal. For example, at
n = 0.10 fm−3, there is a 19% relative error between V Λ→∞med and V
Λ
med, loc. From Eq. (13) we expect the
regulator to introduce corrections at order (Q/Λ)4 ∼ (kf/Λ)4. The Fermi momentum at this density is
kf = 225 MeV, which for the Λ = 450 MeV chiral potential implies an error of (kf/Λ)4 ' 6%. One key
difference between the nonlocal and local regulators of Eqs. (12) and (13) is that the relative momentum
ranges from 0 < k < kf while the momentum transfer ranges from 0 < q < 2kf . Therefore, one naturally
expects larger cutoff artifacts for the local regulating function in Eq. (13). Indeed, when the value of the
momentum-space cutoff is increased to 2Λ, as can be seen from the dashed green curve of Fig. 3, the
results from employing the local regulator are now comparable to those using the nonlocal regulator.
In Fig. 4 we show the density-dependence of the Hartree-Fock contribution to the ground state energy
of pure neutron matter from the N2LO chiral three-nucleon force in different approximations. Again we
consider the low-energy constants c1 = −0.81 GeV−1, c3 = −3.4 GeV−1, c4 = 3.4 GeV−1, cD = −0.24,
and cE = −0.106 associated with the N3LO NN chiral interaction with cutoff scale Λ = 450 MeV.
However, in pure neutron matter the Hartree-Fock contribution from three-body forces is independent of
c4, cD, and cE . We show as the thick black line labeled “V3N, exact” in Fig. 4 the Hartree-Fock contribution
to the ground-state energy of pure neutron matter. Employing the density-dependent NN interaction Vmed
with Λ → ∞ we obtain the contribution shown with the thin blue line labeled “V Λ→∞med ”. Again, at the
Hartree-Fock level the density-dependent NN interaction very accurately reproduces the result from the
full three-body force.
10
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Figure 4. Hartree-Fock contribution to the ground-state energy of pure neutron matter as a function of
density due to the N2LO chiral three-nucleon force with cutoff scale Λ = 450 MeV.
Inserting the nonlocal regulator in Eq. (12) we find the red dot-dashed line labeled “V Λmed, nonloc”. The
nonlocal regulator preserves the property that none of the three-body force terms proportional to c4, cD,
and cE contribute to the ground-state energy of pure neutron matter. We find that the momentum-space
cutoff reduces the Hartree-Fock contribution to the ground-state energy even more than that in isospin-
symmetric nuclear matter. This is due to the larger neutron Fermi momentum (compared to the nucleon
Fermi momentum in isospin-symmetric nuclear matter at the same density). The cutoff artifacts introduced
are nevertheless relatively small and amount to 2 MeV at n = 0.32 fm−3. Finally, we impose the local
regulator in Eq. (13) to obtain the dotted green line labeled “V Λmed, loc” in Fig. 4. Again, the cutoff artifacts
are very large. For example, at n = 0.10 fm−3, there is now a 34% relative error between V Λ→∞med and
Vmed, loc. At this density, the maximum momentum transfer is q = 2kf ' 570 MeV, which is clearly
problematic for the chosen cutoff Λ = 450 MeV. In addition to larger artifacts, the local regulator also
induces contributions to the density-dependent NN interaction in pure neutron matter that now depend on
the low-energy constants c4, cD and cE . In the case of pure neutron matter, diagrams (d), (e), and (f ) in
Fig. 2 produce V med,4NN = V
med,5
NN = V
med,6
NN = 0 with either the nonlocal regulator or no regulator at all.
Instead, for the local regulator we find
V med,4NN = −
gAcD
8pi2f4piΛχ
~σ1 · ~q ~σ2 · ~q
m2pi + q
2
(
2
3
k3fF (q
2,Λ)− Γ′4
)
, (44)
which indeed vanishes when the local regulators are replaced by 1. For the cD vertex correction to the 2N
contact term with local regulators we obtain
V med,5NN =
gAcD
16pi2f4piΛχ
{
2~σ1 · ~σ2Γ˜2 +
(
~σ1 · ~σ2
(
2p2 − q
2
2
)
+ ~σ1 · ~q ~σ2 · ~q
(
1− 2p
2
q2
)
(45)
− 2
q2
~σ1 · (~q × ~p)~σ2 · (~q × ~p)
)
(Γ˜0 + 2Γ˜1 + Γ˜3) + 2Γ˜4 − 2m2piΓ˜0
}
F (q2,Λ),
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Figure 5. Equation of state of isospin-symmetric nuclear matter from chiral two- and three-body forces
with different choices of the momentum-space cutoff Λ and at different orders in many-body perturbation
theory. The label E(i) denotes the i-th order in perturbation theory, and Σ(n) denotes the n-th order
treatment of the self-energy.
where Γ˜4(p) is defined in Eq. (16). Finally, the three-body contact term with the local regulator leads to
V med,6NN =
cE
2pi2f4piΛχ
[
2
3
k3f F
2(q2,Λ)− 2F (q2,Λ)Γ˜4(p)− Γ′4(p, q) +
4
3
k3fF (q
2,Λ)
]
. (46)
Again, this term vanishes when the regulating functions are set to 1. These additional terms have been
included in the present of calculation of the dotted green line in Fig. 4. Substituting Λ → 2Λ into the
nonlocal regulator again reduces the cutoff artifacts, as seen in the dashed green curve of Fig. 4.
The inclusion of three-body forces in the nuclear equation of state beyond the Hartree-Fock approximation
remains challenging. While several recent works [49, 23] have computed the exact second-order
contribution to the equation of state from three-body forces, the use of derived density-dependent two-body
interactions allows for an approximate treatment up to third order in perturbation theory [48, 50]:
E(2) = −1
4
∑
1234
∣∣〈12 ∣∣V¯eff∣∣ 34〉∣∣2 n1n2n¯3n¯4
e3 + e4 − e1 − e2 , (47)
E
(3)
pp =
1
8
∑
123456
〈12 ∣∣V¯eff∣∣ 34〉〈34 ∣∣V¯eff∣∣ 56〉〈56 ∣∣V¯eff∣∣ 12〉 n1n2n¯3n¯4n¯5n¯6
(e3 + e4 − e1 − e2)(e5 + e6 − e1 − e2) , (48)
E
(3)
hh =
1
8
∑
123456
〈12 ∣∣V¯eff∣∣ 34〉〈34 ∣∣V¯eff∣∣ 56〉〈56 ∣∣V¯eff∣∣ 12〉 n¯1n¯2n3n4n5n6
(e1 + e2 − e3 − e4)(e1 + e2 − e5 − e6) , (49)
E
(3)
ph = −
∑
123456
〈12 ∣∣V¯eff∣∣ 34〉〈54 ∣∣V¯eff∣∣ 16〉〈36 ∣∣V¯eff∣∣ 52〉 n1n2n¯3n¯4n5n¯6
(e3 + e4 − e1 − e2)(e3 + e6 − e2 − e5) , (50)
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where n¯j = 1 − nj and Veff = V2N + Vmed. The intermediate-state single-particle energies ei in Eqs.
(47)−(50) can be treated in several different approximations. In the simplest case, they are taken as
the free-space energies: e(k) = k2/2M . More generally, they can be dressed with interaction lines
[51] in which case e(k) = k2/2M + Re Σ(e(k), k), where Σ(e(k), k) is the self-consistent energy- and
momentum-dependent nucleon self energy.
Third-order diagrams [48] and fourth-order diagrams [23] are found to give rather small contributions
(∼ 2 MeV) to the equation of state up to n = 1.5n0 for potentials with momentum-space cutoffs Λ '
400− 500 MeV. However, the intermediate-state energies in Eqs. (47)−(50) should be treated at least to
second order [50] in a perturbative expansion of the self-energy. In Fig. 5 we plot the equation of state of
isospin-symmetric nuclear matter for several different choices of the cutoff scale Λ = 414, 450, 500 MeV
(represented by red, blue, and green colors respectively) and orders in many-body perturbation theory
(denoted by the symbol). In all cases we employ an N3LO chiral nucleon-nucleon interaction with only the
N2LO chiral three-body force with low-energy constants fitted to the binding energies of 3H and 3He as well
as the beta-decay lifetime of 3H. The dotted lines denote the inclusion of second-order ground-state energy
diagrams (E(2)) with first-order self energies (Σ(1)) for the intermediate-state propagators. The dashed
lines denote the inclusion of second-order ground-state energy diagrams (E(2)) with second-order self
energies (Σ(2)) for the intermediate-state propagators. From Fig. 5 we see that the second-order self energy
diagrams contribute 2− 3 MeV to the ground state energy per particle for densities n ≥ 0.16 fm−3. Finally,
the solid lines denote the inclusion of third-order ground-state energy diagrams (E(3)) with second-order
self energies (Σ(2)) for the intermediate-state propagators. In general, the sum of all third-order diagrams
gives a relatively small contribution to the equation of state around saturation density. However, below the
critical density for the spinodal instability (nc ' 0.08 fm−3) [52], denoted by the blue shaded region in
Fig. 5, the third-order diagrams give somewhat large effects due to the breakdown of perturbation theory.
Nevertheless, the saturation of nuclear matter is robust and both the empirical saturation density and energy
are within the uncertainties predicted from chiral nuclear forces.
3.2 Nucleon-nucleus optical potentials
The theoretical description of nucleon-nucleus scattering and reactions can be greatly simplified through
the introduction of optical model potentials, which replace the complicated two- and many-body interactions
between projectile and target with an average one-body potential. In many-body perturbation theory, the
optical potential can be identified as the nucleon self-energy, which in general is complex, nonlocal, and
energy dependent:
V (~r, ~r ′;E) = U(~r, ~r ′;E) + iW (~r, ~r ′;E). (51)
While phenomenological optical potentials [53] are fitted to a great amount of differential elastic scattering,
total cross section, and analyzing power data, microscopic optical potentials can be constructed from
high-precision two-nucleon and three-nucleon forces [54, 55, 56, 57, 58]. In chiral effective field theory,
three-nucleon forces in particular have been shown [51, 59] to give rise to an overall repulsive single-particle
potential at all projectile energies that increases strongly with the density of the medium. Three-nucleon
forces are therefore essential for an accurate description of nucleon-nucleus scattering at moderate energies
where the projectile penetrates the target nucleus.
In the Hartree-Fock approximation, the contribution to the nonlocal (but energy-independent) nucleon
self energy is given by
Σ
(1)
2N (q) =
∑
1
〈~q~h1ss1tt1|V¯2N |~q~h1ss1tt1〉n1, (52)
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Figure 6. Hartree-Fock contribution to the nucleon self energy in symmetric nuclear matter at saturation
density n0 from the N2LO chiral three-nucleon force with cutoff scale Λ = 450 MeV. Results are shown
for an exact treatment as well as from the density-dependent interaction Vmed with different choices of
regulating function (see text).
where V¯2N denotes the antisymmetrized NN potential, n1 = θ(kf − |~h1|) is the zero-temperature Fermi-
Dirac distribution function, and the sum is taken over the momentum, spin, and isospin of the intermediate
hole state |~h1, s1, t1〉. The Hartree-Fock contribution from three-body forces is given by
Σ
(1)
3N (q) =
1
2
∑
12
〈~q~h1~h2; ss1s2; tt1t2|V¯3N |~q~h1~h2; ss1s2; tt1t2〉n1n2, (53)
where V¯3N is the fully-antisymmetrized three-body interaction. We have computed the Hartree-Fock
contribution to the single-particle energy exactly [51] from Eq. (53) as well as from Eq. (52) using the
density-dependent NN interaction Vmed. Note that in order to avoid double-counting we must replace
V¯2N → 12 V¯med in Eq. (52).
In Fig. 6 we demonstrate the accuracy of using the density-dependent NN interaction in place of the full
three-body force when computing the Hartree-Fock contribution to the nucleon self energy. Specifically,
we plot the momentum-dependent nucleon self-energy (note that both the 2N and 3N Hartree-Fock
contributions are real and energy independent) in isospin-symmetric nuclear matter at saturation density n0.
The thick black curve labeled “V3N, exact” is the exact result without a high-momentum regulator. The thin
blue curve labeled “V Λ→∞med ” is obtained from the density-dependent NN interaction without regulator. We
see that there is a systematic difference of 1 − 2 MeV (or about 5%) between the two results across all
momenta. This difference represents the inherent error introduced through the approximations employed in
constructing the density-dependent NN interaction. Except for this systematic reduction in the nucleon
self energy, we see that overall Vmed faithfully reproduces the exact Hartree-Fock self-energy across all
momenta.
Introducing the nonlocal regulator in Eq. (12) results in the red dash-dotted line of Fig. 6. The artifacts
associated with the nonlocal regulator grow rapidly for momenta beyond p ' 400 MeV and by p '
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Figure 7. Hartree-Fock contribution to the nucleon self energy at the Fermi momentum (p = kf ) in
symmetric nuclear matter as a function of density from the N2LO chiral three-nucleon force with cutoff
scale Λ = 450 MeV. Results are shown for an exact treatment as well as from the density-dependent
interaction Vmed with different choices of regulating function (see text).
600 MeV the three-nucleon force contribution to the self energy is reduced by ∼ 25%. This corresponds to
a lab energy of about Elab ' 175 MeV [59] beyond which a description of nucleon-nucleus scattering in
terms of chiral optical potentials becomes highly questionable. Introducing the local regulator in Eq. (13)
leads to the dotted green curve in Fig. 6. We see that this regulator generates artifacts (of at least 15%) even
for low-momentum particles in isospin-symmetric nuclear matter at saturation density. This is due to the
already large nucleon Fermi momentum (kf ' 270 MeV) in nuclear matter at this density. Finally, if we
double the value of the momentum-space cutoff in the local regulating function, we find the results given
by the dashed green curve in Fig. 6. Again, this choice of cutoff leads to artifacts that are on par with those
from the nonlocal regulator but which are noticeably smaller at the largest momenta considered.
In Fig. 7 we plot the value of the Hartree-Fock single-particle potential at the Fermi momentum (p =
kf ) from chiral three-body forces for densities up to n ' 2n0. This contribution to the single-particle
energy from the chiral 3NF grows approximately quadratically with the density. Again we find that the
density-dependent NN interaction from the leading chiral three-nucleon force reproduces well the exact
Hartree-Fock result. The artifacts introduced through the nonlocal regulator in Eq. (12), the local regulator
in Eq. (13), and the local regulator with Λloc = 2Λnonloc follow the same trends already observed in the
Hartree-Fock contribution to the equation of state.
Recently, several works [51, 59] have included the second-order contributions to the nucleon self energy
(both in isospin-symmetric and asymmetric nuclear matter):
Σ
(2a)
2N (q, ω) =
1
2
∑
123
|〈~p1~p3s1s3t1t3|V¯eff|~q~h2ss2tt2〉|2
ω + e2 − e1 − e3 + iη n¯1n2n¯3 (54)
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and
Σ
(2b)
2N (q, ω) =
1
2
∑
123
|〈~h1~h3s1s3t1t3|V¯eff|~q ~p2ss2tt2〉|2
ω + e2 − e1 − e3 − iη n1n¯2n3, (55)
with the antisymmetrized potential V¯eff = V¯2N + V¯med that includes the density-dependent interaction
from the N2LO chiral three-body force. The single-particle energies in Eqs. (54) and (55) are computed
self-consistently according to
e(q) =
q2
2M
+ Re Σ(e(q), q). (56)
Generically, Eqs. (54) and (55) give rise to complex and energy-dependent single-particle potentials. This
allows for the construction of nucleon-nucleus optical potentials that have been shown [60] to reproduce
well differential elastic scattering cross sections for proton projectiles on a range of calcium targets up to
about E = 150 MeV.
The general form of phenomenological optical potentials for nucleon-nucleus scattering is given by
U(r, E) = VV (r, E) + iWV (r, E) + iWD(r, E) + VSO(r, E)~` · ~s+ iWSO(r, E)~` · ~s+ VC(r), (57)
consisting of a real volume term, an imaginary volume term, an imaginary surface term, a real spin-orbit
term, an imaginary spin-orbit term, and finally a central Coulomb interaction. In Eq. (57), ~` and ~s are
the single-particle orbital angular momentum and spin angular momentum, respectively. To construct a
microscopic nucleon-nucleus optical potential from the nuclear matter approach, one can employ the local
density approximation (LDA):
V (E; r) + iW (E; r) = V (E; kpf (r), k
n
f (r)) + iW (E; k
p
f (r), k
n
f (r)), (58)
where kpf (r) and k
n
f (r) are the local proton and neutron Fermi momenta. This approach can be improved
by taking account of the finite range of the nuclear force through the improved local density approximation
(ILDA):
V (E; r)ILDA =
1
(t
√
pi)3
∫
V (E; r′)e
−|~r−~r′|2
t2 d3r′, (59)
which introduces an adjustable length scale t taken to be the typical range of the nuclear force. In previous
works [61, 60] this Guassian smearing factor was chosen to be t ' 1.2 fm and varied in order to estimate
the introduced theoretical uncertainties.
After employing the ILDA, the real part of the optical potential is found [60] to be in excellent agreement
with that from phenomenological optical potentials [53], however, the microscopic imaginary part exhibits
a surface peak that is too small and a volume contribution that grows too strongly with energy. This leads
to larger total reaction cross sections [60] compared to phenomenology and experiment. This is in fact a
general feature of the microscopic nuclear matter approach [62, 63] independent of the choice of nuclear
potential, and previous works [61, 64] have attempted to mitigate this deficiency by introducing scaling
factors for the imaginary part.
In Fig. 8 we plot the differential elastic scattering cross sections for proton projectiles on 40Ca and
48Ca isotopes from microscopic optical potentials derived in chiral effective field theory. In this study we
employ the N3LO nucleon-nucleon potential with momentum-space cutoff Λ = 450 MeV together with
the density-dependent NN interaction using the nonlocal regulator in Eq. (12). From Fig. 8 we see that the
predictions from chiral effective field theory (shown in blue) reproduce well the elastic scattering cross
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Figure 8. Differential elastic scattering cross sections for proton projectiles on 40Ca and 48Ca targets at
the energies E = 25, 35, 45 MeV. The cross sections computed from microscopic chiral optical potentials
including two- and three-body forces are shown as the blue band. The cross sections from the Koning-
Delaroche “KD” phenomenological optical potential are given by the green dashed curves, and experimental
data are shown by red circles.
section data (red dots) from E = 25 − 45 MeV. In some cases, the results from chiral nuclear optical
potentials give better agreement with experiment than the Koning-Delaroche phenomenological optical
potential (shown as the green dashed line in Fig. 8). In contrast to semi-microscopic approaches [61, 64]
that introduce energy-dependent scaling factors for the real and imaginary parts of the optical potential,
our calculations are not fitted in any way to scattering data. Qualitatively similar results have been found
[60] for proton energies as low as E ' 2 MeV and as high as E ' 160 MeV. Moreover, the construction of
neutron-nucleus optical potentials is in progress and preliminary results for differential elastic scattering
cross sections are found to be of similar quality to the case of proton-nucleus scattering.
3.3 Quasiparticle interaction in nuclear matter
Landau’s theory of normal Fermi liquids [65, 66] remains a valuable theoretical framework for
understanding the excitations, response, and transport coefficients of nuclear many-body systems [67, 68].
Fermi liquid theory is based on the concept of quasiparticles, i.e., dressed single-particle excitations of a
(potentially) strongly-interacting many-body system that retain key properties of the bare particles in the
analogous non-interacting system. In this way, Fermi liquid theory allows for a convenient description of
the low-energy excitations of the interacting system and in the context of the nuclear many-body problem
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helps justify the nuclear shell model and the independent-particle description of nuclei and nuclear matter.
The theory is made quantitative through the introduction of the quasiparticle interaction F , defined as the
second functional derivative of the energy with respect to the quasiparticle distribution function n(~p ):
E = E0 +
∑
1
e~p1 δn~p1s1t1 +
1
2Ω
∑
12
F(~p1s1t1; ~p2s2t2)δn~p1s1t1δn~p2s2t2 , (60)
where E0 is the ground state energy, Ω is a normalization volume, and δn~pisiti is the change in occupation
number of state i. In Eq. (60) the quasiparticle interaction F in momentum space has units fm2, si labels
the spin quantum number of quasiparticle i, and ti labels the isospin quantum number. Enforcing the
symmetries of the strong interaction and assuming that the quasiparticles lie exactly on the Fermi surface
leads to the general form of the quasiparticle interaction:
F(~p1, ~p2 ) = A(~p1, ~p2 ) +A′(~p1, ~p2 )~τ1 · ~τ2, (61)
where [69]
A(~p1, ~p2 ) = f(~p1, ~p2 ) + g(~p1, ~p2 )~σ1 · ~σ2 + h(~p1, ~p2 )S12(pˆ) + k(~p1, ~p2 )S12(Pˆ )
+`(~p1, ~p2 )(~σ1 × ~σ2) · (pˆ× Pˆ ), (62)
and likewise for A′ except with the replacement {f, g, h, k, `} −→ {f ′, g′, h′, k′, `′}. The relative
momentum is given by ~p = ~p1 − ~p2, the center-of-mass momentum is defined by ~P = ~p1 + ~p2, and
the tensor operator has the form S12(vˆ) = 3~σ1 · vˆ ~σ2 · vˆ − ~σ1 · ~σ2.
For two quasiparticle momenta on the Fermi surface (|~p1| = |~p2| = kf ), the scalar functions
{f, g, h, k, `, f ′, g′, h′, k′, `′} depend only the angle θ between and ~p1 and ~p2. The quasiparticle interaction
can therefore be written in terms of Legendre polynomials:
f(~p1, ~p2) =
∞∑
L=0
fL(kf )PL(cos θ), f ′(~p1, ~p2) =
∞∑
L=0
f ′L(kf )PL(cos θ), . . . (63)
where cos θ = pˆ1 · pˆ2, q = 2kf sin (θ/2), and P = 2kf cos(θ/2). The coefficients fL, f ′L, . . . are referred
to as the Fermi liquid parameters. Dimensionless Fermi liquid parameters FL, F ′L, . . . can be defined by
multiplying fL, f ′L, . . . by the density of states, e.g., for symmetric nuclear matter:
N0 = 2M
∗kf/pi2, (64)
where M∗ the effective nucleon mass.
Originally, Fermi liquid theory was treated as a phenomenological model [67] in which the lowest-order
Fermi liquid parameters would be constrained by select experimental data. From the Brueckner-Goldstone
linked diagram expansion for the ground-state energy, see e.g., Eqs. (42)−(50), a diagrammatic expansion
for the quasiparticle interaction in terms of the nuclear potential can be obtained [70] by performing
functional derivatives with respect to the occupation probabilities. Up to second order in perturbation
theory one obtains for a general two-body interaction V2N :
F (1)2N (~p1s1t1; ~p2s2t2) = 〈12|V¯2N |12〉 (65)
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Figure 9. Diagrammatic contributions to the quasiparticle interaction up to second order in perturbation
theory. Wavy lines denote the antisymmetrized nuclear interaction.
F (2pp)2N (~p1s1t1; ~p2s2t2) =
1
2
∑
mn
|〈12|V¯2N |mn〉|2n¯mn¯n
e1 + e2 − em − en (66)
F (2hh)2N (~p1s1t1; ~p2s2t2) =
1
2
∑
ij
|〈ij|V¯2N |12〉|2ninj
ei + ej − e1 − e2 (67)
F (2ph)2N (~p1s1t1; ~p2s2t2) = −2
∑
jn
|〈1j|V¯2N |2n〉|2njn¯n
e1 + ej − e2 − en , (68)
which correspond respectively to diagrams (a), (b), (c), and (d) in Fig. 9. The first-order contribution in
Eq. (65) is just the antisymmetrized two-body potential for two nucleons restricted to the Fermi surface. It
contains only the four central terms f, f ′, g, g′ as well as the two relative momentum tensor interactions
h, h′. The second-order contributions in Eqs. (66)−(68) give rise generically to the center-of-mass tensor
interactions k, k′, but only the particle-hole term Eq. (68) can generate the cross-vector interactions l, l′
through the interference of a spin-orbit interaction with any other nonspin-orbit component in the bare
nucleon-nucleon potential [71].
The expressions in Eqs. (65)−(68) can be decomposed into partial wave matrix elements of the bare
nucleon-nucleon potential or the derived medium-dependent 2N interaction. In Section 4.1 below, we
give explicit expressions for the partial-wave matrix elements of the density-dependent 2N interaction
derived from the N2LO [35] and N3LO [72, 73] chiral three-body force. To date, the contributions from the
N2LO chiral three-body force have been included [71, 74, 75] exactly in the calculation of the quasiparticle
interaction in isospin-symmetric nuclear matter and pure neutron matter. At first order in perturbation
theory, the second functional derivative of Eq. (43) leads to
F (1)3N (~p1s1t1, ~p2s2t2) =
∑
i
ni〈i12|V¯3N |i12〉, (69)
where V¯3N is the fully antisymmetrized three-body force. This is equivalent to the definition of the density-
dependent NN interaction in Eq. (8) but restricted by the kinematics of quasiparticles lying on the Fermi
surface. Explicit expressions for the Landau Fermi liquid parameters in Eqs. (61)−(63) from the N2LO
chiral three-nucleon force can be found in Ref. [75], and in the following we highlight their qualitative
significance on the different terms of the quasiparticle interaction.
In Fig. 10 we plot the dimensionless Fermi liquid parameters associated with the L = 0, 1 Legendre
polynomials (black and red dotted lines respectively) in isospin-symmetric nuclear matter from the N2LO
chiral three-body force as a function of the nucleon density (up to n = 0.4 fm−3). Although one may be
skeptical of results from chiral effective field theory beyond n ' 2n0, the Landau parameters must obey
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Figure 10. Density-dependent dimensionless Fermi liquid parameters in isospin-symmetric nuclear matter.
Dotted lines symbolize the first-order perturbative contribution from three-body forces, while solid lines
represent the sum of all second-order contributions including two- and three-body forces.
stability inequalities, e.g.,
QL > −(2L+ 1), (70)
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where Q ∈ {F, F ′, G,G′}, for the central components of the quasiparticle interaction. Therefore we find
it informative to speculate on the high-density behavior of the Landau parameters, since they might give
hints toward possible instability mechanisms in dense matter. We note that complete stability conditions
involving all spin-dependent interactions H,K,L (and H ′, K ′, L′) that couple to G (and G′) have not yet
been worked out. To date only the effect of the relative tensor quasiparticle interaction has been considered
[76].
The dotted lines in Fig. 10 are obtained from only the leading contribution due to three-body forces in Eq.
(69). The solid lines represent the Fermi liquid parameters obtained from the sum of two- and three-body
forces up to second order in perturbation theory. For the second-order contributions in Eqs. (66)−(68) we
have replaced the two-body interaction V2N with V2N + Vmed, where V2N is the N3LO-450 potential and
Vmed is the consistent density-dependent interaction constructed from the N2LO three-body force with
nonlocal regulator. For several Fermi liquid parameters, we see that three-body forces provide the dominant
contribution at high density. For instance, the strong increase in the F0 Landau parameter (top left panel
of Fig. 10) as a function of density is a direct result of the first-order contribution from three-body forces.
The nuclear matter incompressibility K = 9∂P/∂ρ, where P = ρ2 ∂(E/A)∂ρ , is related to the F0 Landau
parameter through
K = 3k
2
f
M∗
(1 + F0) , (71)
where M∗ is the nucleon effective mass, and therefore three-body forces play a central role in the saturation
mechanism [7] of nuclear matter and the stability of neutron stars against gravitational collapse. On the
other hand, in some cases three-body forces play only a minor role, such as for the Landau parameters F1
and F ′0. The former is related to the nucleon effective mass through
M∗
M
= 1 +
F1
3
, (72)
and the latter is related to the nuclear isospin-asymmetry energy through
S2 =
k2f
6M∗
(
1 + F ′0
)
, (73)
where S2 is defined as the first term in a power series expansion of the nuclear equation of state about the
isospin-symmetric configuration:
E
A
(n, δnp) =
E
A
(n, 0) + S2(n)δ
2
np + · · · (74)
with δnp =
nn−np
nn+np
.
In general, we see from Fig. 10 that the noncentral components K and L of the quasiparticle interaction
that depend explicitly on the center-of-mass momentum ~P are small at nuclear saturation density. However,
several of the associated Fermi liquid parameters, such as K ′0, L0, and L′1 begin to grow rapidly for higher
densities. Therefore, even though there has been little motivation to include such terms in modern energy
density functionals fitted to the properties of finite nuclei, such novel interactions may become more
relevant in applications related to neutron star physics. The full quasiparticle interaction in pure neutron
matter has already been computed [71] with modern chiral two- and three-nucleon forces, and the more
general case of the quasiparticle interaction in nuclear matter at arbitrary isospin-asymmetry is in progress.
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Figure 11. Schematic representation of the diagrammatic contributions to the chiral three-nucleon force at
next-to-next-to-next-to-leading order (N3LO).
4 CHIRAL THREE-NUCLEON FORCE AT NEXT-TO-NEXT-TO-NEXT-TO-LEADING
ORDER
Up to now we have considered only the chiral three-body force at N2LO. At order N3LO in the chiral power
counting, additional three- and four-nucleon forces arise without any additional undetermined low-energy
constants. However, except in the case of pure neutron matter, the inclusion of the N3LO three-body
contributions requires a refitting of the three-body low-energy constants cD and cE . The N3LO three-body
force is written schematically as
V
(4)
3N = V
(4)
1pi−cont. + V
(4)
2pi−cont. + V
(4)
1/M
+ V
(4)
2pi + V
(4)
2pi−1pi + V
(4)
ring, (75)
corresponding to the 1pi − contact, 2pi − contact, relativistic 1/M , 2pi, 2pi − 1pi, and ring topologies,
respectively. All contributions have been worked out and presented in Refs. [19, 20, 21]. Although we
will not consider their specific effects in the present work, we note that the leading four-nucleon forces
have been calculated in Ref. [22]. In deriving the density-dependent 2N interaction at N3LO, we take the
expressions from Refs. [20, 21] based on the method of unitary transformations.
The density-dependent 2N interaction from the short-range terms and relativistic corrections, shown
diagrammatically in Fig. 11(a) and (b), was computed first in Ref. [72]. Results were derived in the absence
of a regulating function depending explicitly on the value of the intermediate-state momentum k3 in Eq.
(8). The resulting expressions for Vmed obtained from the N3LO 3N force could therefore be simplified to
analytical expressions involving at most a one-dimensional integration. In Ref. [72] it was found that the
1pi-exchange contact topology proportional to the 2N low-energy constant CT gives rise to a vanishing
contribution to Vmed in isospin-symmetric nuclear matter. The density-dependent 2N interaction derived
from the long-range contributions to the N3LO three-body force, shown diagrammatically in Fig. 11(c),
(d), and (e), was calculated in Ref. [73]. Again, the integration over the three-dimensional filled Fermi
sphere could be performed up to at most one remaining integration. The formulas for the density-dependent
NN interaction from the N3LO three-body force are quite lengthy, and we refer the reader to Refs. [72, 73]
for additional details.
4.1 Partial-wave decomposition
The analytical expressions for the medium-dependent 2N potential Vmed obtained from the N3LO chiral
three-body force [72, 73] can be conveniently understood by examining their attractive or repulsive effects
in various partial waves. For comparison we will show also the lowest-order partial-wave contributions
from the N2LO chiral three-body force, however, we note that the values of the three-body contact terms
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Figure 12. Diagonal momentum-space matrix elements of Vmed associated with the total N2LO and N3LO
three-body force in the 1S0 and 3S1 − 3D1 partial-wave channels at n = n0 in isospin-symmetric nuclear
matter.
will need to be refitted in order to make a consistent comparison. In all cases, we choose the values
c1 = −0.81 GeV−1, c3 = −3.4 GeV−1, c4 = 3.4 GeV−1, cD = −0.24, and cE = −0.106, where the
low-energy constants cD and cE of the N2LO chiral 3N force are fitted (including the N3LO chiral 2N
interaction with cutoff scale Λ = 450 MeV) to the binding energies of 3H and 3He as well as the beta-
decay lifetime of 3H . For the leading-order (LO) contact term CT that appears in the 1pi- and 2pi-contact
topologies, we use the value CT = −2.46491 GeV−2 from the N3LO-450 2N potential.
We follow the description in Ref. [77] to obtain the diagonal momentum-space partial-wave matrix
elements of the density-dependent NN interaction. With start with the form of a general nucleon-nucleon
potential:
V (~p, ~q ) = VC + ~τ1 · ~τ2WC + [VS + ~τ1 · ~τ2WS ]~σ1 · ~σ2 + [VT + ~τ1 · ~τ2WT ]~σ1 · ~q ~σ2 · ~q
+ [VSO + ~τ1 · ~τ2WSO] i(~σ1 + ~σ2) · (~q × ~p ) +
[
VQ + ~τ1 · ~τ2WQ
]
~σ1 · (~q × ~p )~σ2 · (~q × ~p ), (76)
where the subscripts refer to the central (C), spin-spin (S), tensor (T ), spin-orbit (SO), and quadratic spin
orbit (Q) components, each with an isoscalar (V ) and isovector (W ) version. The diagonal (in momentum
space) partial-wave matrix elements for different spin and orbital angular momentum channels are then
given in terms of the functions UK = VK + (4I − 3)WK , where K ∈ {C, S, T, SO,Q} and the total
isospin quantum number takes the values I = 0, 1:
a) Spin-singlet matrix element with S = 0 and L = J :
〈J0J |V2N |J0J 〉 = 1
2
∫ 1
−1
dz
[
UC − 3US − q2UT + p4(z2 − 1)UQ
]
PJ(z) . (77)
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Figure 13. Diagonal momentum-space matrix elements of Vmed associated with the total N2LO and N3LO
three-body force in the 1P1, 3P0, 3P1, and 3P2 partial-wave channels at n = n0 in isospin-symmetric
nuclear matter.
b) Spin-triplet matrix element with S = 1 and L = J :
〈J1J |V2N |J1J 〉 = 1
2
∫ 1
−1
dz
{
2p2
[
USO − UT + p2zUQ
](
PJ+1(z) + PJ−1(z)
)
+
[
UC + US + 2p
2(1 + z)UT − 4p2zUSO − p4(3z2 + 1)UQ
]
PJ(z)
}
. (78)
c) Spin-triplet matrix elements with S = 1 and L = J ± 1:
〈J ± 1, 1J |V2N |J ± 1, 1J 〉 = 1
2
∫ 1
−1
dz
{
2p2
[
USO ± 1
2J + 1
(
UT − p2zUQ
)]
PJ(z)
+
[
UC + US + p
2
(
p2(1− z2)UQ − 2zUSO ± 2
2J + 1
(
p2UQ − UT
))]
PJ±1(z)
}
. (79)
d) Spin-triplet mixing matrix element with S = 1, L′ = J − 1 and L = J + 1:
〈J − 1, 1J |V2N |J + 1, 1J 〉 =
√
J + 1p2√
J(2J + 1)
∫ 1
−1
dz
{(
UT − p2UQ
)
PJ+1(z)
+
[(
2J − z(2J + 1))UT + p2zUQ]PJ(z)} . (80)
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Figure 14. Diagonal momentum-space matrix elements of the N3LO three-body force for selected
topologies in the 1S0 partial-wave channel at saturation density n0 in isospin-symmetric nuclear matter.
In these expressions PJ(z) are Legendre polynomials of degree J and the momentum transfer q is defined
by q = p
√
2(1− z). The resulting partial wave matrix elements are now functions of the momentum p and
density n. Note that the off-diagonal mixing matrix elements in Eq. (80) arise exclusively from the tensor
and quadratic spin-orbit operators.
In Fig. 12 we show the 1S0, 3S1, 3D1, 3S1 − 3D1 diagonal momentum-space matrix elements of Vmed
from the N2LO (blue circles) and N3LO (red diamonds) chiral three-nucleon force in isospin-symmetric
nuclear matter at the density n = n0. Note that we have multiplied the matrix elements by the nucleon
mass M to obtain dimensions of [fm]. Interestingly, we observe that the total N3LO three-body force in
these partial-wave channels is roughly equal in magnitude but opposite in sign compared to the N2LO
three-body force. Whereas the N2LO three-body force is largely repulsive in symmetric nuclear matter
at saturation density, the N3LO three-body force is strongly attractive, except in the case of the coupled
3S1 − 3D1 tensor channel. One should keep in mind, however, that the low-energy constants cD and cE
must be refitted after the introduction of the N3LO three-body force. One might expect from the above
observations that the N2LO three-body force would be enhanced in order to offset the opposite behavior
introduced from the N3LO three-body force in the lowest partial-wave channels.
In Fig. 13 we show the 1P1, 3P0, 3P1, and 3P2 diagonal momentum-space matrix elements of Vmed from
the N2LO (blue circles) and N3LO (red diamonds) chiral three-nucleon force in isospin-symmetric nuclear
matter at the density n = n0. In both the 1P1 and 3P0 channels, the N2LO and N3LO contributions are
approximately equal in magnitude but opposite in sign. In the 3P1 channel, which is repulsive in the bare
2N potential, we see that the combination of N2LO and N3LO contributions enhances the repulsion. The
3P2 channel, which is attractive in the free-space 2N potential, also receives repulsive contributions from
the N2LO and N3LO in-medium interaction Vmed.
The long-range parts of the N3LO chiral three-body force are expected [78] to give larger contributions
to the equation of state than the relativistic 1/M corrections and the 2pi−contact topologies. Due to the
large number of contributions to Vmed at N3LO, we only show selected results for individual topologies. In
Fig. 14 we plot several of the dominant pion-ring contributions to the 1S0 partial-wave matrix elements
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Figure 15. Diagonal momentum-space matrix elements of the N3LO three-body force for selected
topologies in the 3P0 partial-wave channel at saturation density n0 in isospin-symmetric nuclear matter.
for the density-dependent NN interaction derived from the N3LO chiral three-body force. We see that
individual long-range contributions are large, but sizable cancellations lead to an overall reduced attractive
1S0 partial-wave channel at low momenta. In Fig. 15 we plot several of the important 2pi, 2pi-1pi, and ring
topology contributions to the 3P0 partial-wave matrix elements of the density-dependent NN interaction
derived from the N3LO chiral three-body force. We again find large cancellations among individual terms,
but the sum produces significant attraction in this partial-wave channel.
5 SUMMARY AND CONCLUSIONS
We have reviewed the construction and implementation of density-dependent two-body interactions from
three-body forces at N2LO and N3LO in the chiral expansion. We showed that at leading order in many-
body perturbation theory, the in-medium 2N interaction reproduces very well the exact contributions to
the nuclear equation of state and nucleon self energy from the complete three-body force. The standard
nonlocal high-momentum regulator used in our previous works leads to simpler analytical expressions
for the density-dependent 2N interaction, consistency with the bare 2N potential, and relatively small
artifacts in both the equation of state up to twice saturation density and the single-particle potential up
to p ' 400− 500 MeV at nuclear matter saturation density. Local 3N regulators with the same value of
the cutoff, Λloc = Λnonloc, have been commonly used in previous studies of nuclear few-body systems,
but these are shown to produce very large artifacts, even in the nuclear equation of state at saturation
density. This could be remedied by choosing a local regulating function with Λloc = 2Λnonloc, which is
well motivated since the momentum transfer q can reach values twice as large as the relative momentum
for two particles on the Fermi surface.
The use of medium-dependent two-body interactions has been shown to facilitate the implementation of
three-body forces in higher-order perturbative calculations of the nuclear equation of state, single-particle
potential, and quasiparticle interaction. In particular, nuclear matter was shown to saturate at the correct
binding energy and density within theoretical uncertainties when computed up to third-order in perturbation
theory. Moreover, microscopic nucleon-nucleus optical potentials derived from chiral two- and three-body
forces have been shown to accurately predict proton elastic scattering cross sections on calcium isotopes
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up to projectile energies of E ' 150 MeV. The use of medium-dependent NN potentials derived from the
N3LO chiral three-body force for calculations of the nuclear equation of state, single-particle potential, and
quasiparticle interaction remain a topic of future research. As a first step, we have performed a partial-wave
decomposition of Vmed at N3LO in the chiral expansion and shown that the effective interaction is expected
to be attractive in symmetric nuclear matter around saturation density.
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